Abstract. We study evolution of a closed embedded plane curve with the normal velocity depending on the curvature, the orientation and the position of the curve. We propose a new method of tangential redistribution of points by curvature adjusted control in the tangential motion of evolving curves. The tangential velocity distributes grid points along the curve not only uniform but also lead to a suitable concentration and/or dispersion depending on the curvature. Our study is based on solutions to the governing system of nonlinear parabolic equations for the position vector, tangent angle and curvature of a curve. We furthermore present a semi-implicit numerical discretization scheme based on the flowing finite volume method. Several numerical examples illustrating capability of the new tangential redistribution method are also presented in this paper.
Introduction
The purpose of this paper is to study evolution of a plane curve Γ t , t ∈ [0, T ), driven by the normal velocity v which is assumed to be a function of the curvature k, tangential angle ν and position vector x ∈ Γ t , v = β(x, ν, k) .
comprehensive overview of industrial applications of the geometric equation having the form of (1.1) we refer to a book by Sethian [26] . We consider a simple, embedded and closed plane curve Γ which is parameterized by a smooth function x : R/Z ⊃ [0, 1] → R 2 such that Γ = Image(x) = {x(u); u ∈ [0, 1]} and |∂ u x| > 0. Hereafter, we denote ∂ ξ F = ∂F/∂ξ, and |a| = √ a · a where a · b is the Euclidean inner product between vectors a and b. The unit tangent vector can be defined as t = ∂ u x/|∂ u x| = ∂ s x, where s is the arc-length parameter and ds = |∂ u x|du. The unit inward normal vector n is defined in such a way that det(t, n) = 1. The signed curvature in the direction n is denoted by k. With this orientation we have k = det(∂ s x, ∂ 2 s x). Let ν be the angle of t, i.e., t = (cos ν, sin ν)
T and n = (− sin ν, cos ν) T . The problem of evolution of curves is stated as follows: For a given initial curve Γ 0 = Image(x 0 ), find a family of planar curves {Γ t } 0≤t<T , Γ t = {x(u, t); u ∈ [0, 1] ⊂ R/Z} starting from ∂ t x = βn + αt, x(·, 0) = x 0 (·).
(
1.2)
Here α is the tangential component of the velocity vector. Notice that the motion in the tangential direction with a tangential velocity α has no effect of the shape of evolving closed curves [7, Proposition 2.4] . The shape is determined by the value of the normal velocity β only. Hence the trivial setting α ≡ 0 can be chosen. In [6] Dziuk investigated a numerical scheme for β = k and α = 0. However, it was documented by many authors (see e.g. [10, 14, 15, 29] and references therein) that such a choice of α may lead to various numerical instabilities caused by either undesirable concentration and/or extreme dispersion of numerical grid points. In order to construct a stable numerical computational scheme, various choices of a nontrivial tangential velocity have been proposed and analyzed by many authors. We present a brief review of development of nontrivial tangential velocities. In [12, 13] Kimura proposed a uniform redistribution scheme for the case when β = k by using a special choice of α satisfying the uniform redistribution condition (U): |∂ u x| = L t , where L t is total length of a curve Γ t . The author also proved convergence of a numerically discretized solution when assuming uniform distribution of initial grid points. In [10] , Hou, Lowengrub and Shelley (see also Hou, Klapper and Si [11] ) utilized the condition (U) directly for the case β = k. More precisely, they derived the form of a tangential velocity with ϕ ≡ 1 and ω ≡ 0 (see our notation (3.3) described in Section 3). Such a tangential velocity was also proposed and analyzed independently by Mikula and the first author in [15] . In [10, Appendix 2], Hou et al. also pointed out the role of tangential velocity (3.3) for a general class of the curvature shape function ϕ(k) with ω ≡ 0 as a generalization of condition (U). However, there was no systematic explanation of the consequence of such a choice of the tangential velocity on grid points redistribution. In the present paper, the important role of the so-called curvature adjusted tangential velocity (3.3) is emphasized from qualitative and quantitative point of view.
As we already mentioned, in the paper [15] , the authors derived the expression for the tangential velocity (3.3) with ϕ ≡ 1 and ω ≡ 0 for a rather general class of planar mean curvature flows satisfying the geometric equation (1.1) with β = β(ν, k). This result can be considered as an improvement of that of [14] in which satisfactory results were obtained only for the case when β = β(k) is linear or sublinear function with respect to k. Next, in the series of papers [16, 17, 18] , Mikula and the first author proposed a method of asymptotically uniform redistribution. In terms of our notation, they derived (3.3) with ϕ ≡ 1 and nontrivial relaxation function ω(t) for a general class of normal velocities of the form β = β(x, ν, k). Their method was also applied to geodesic curvature flows and image segmentation problems.
Besides these uniform or asymptotically uniform redistribution methods, in the socalled crystalline curvature flow, the grid points are distributed densely (sparsely) in those part of the curve where the absolute value of the curvature is large (small). Although this redistribution is far from being uniform, numerical computation is quite stable. One of the reasons for such a behavior is that polygonal curves are restricted to a class of admissible facet directions. In order to extract essence of the crystalline curvature flow of polygonal curves and generalize it to a wide class of plane curve evolution, the second author showed that the tangential velocity α = −∂ s β/k is implicitly involved in the crystalline curvature flow of planar curves (cf. [29] ). Notice that such a tangential velocity is a local one since its value at some point x of a curve depends on the local properties of the curve near x. In this point, it is worthwhile to mention the paper by Deckelnick [5] who used locally defined tangential velocity having the form α = −∂ u (|∂ u x| −1 ) for the special case when β = k. Recently, Pauš et al. successfully applied curvature adjusted tangential velocity for evolution of open curves having important applications in the dislocation dynamics (see [22, 23] ). The asymptotically uniform redistribution is quite effective and applicable for a wide range of applications. However, from the approximation point of view, unless the solution curve is a circle, there is no reason to accept uniform redistribution for a general case of a curve evolution. Hence the desired redistribution should take into account the shape of evolution curves and it should also depend on the modulus of the curvature. We will furthermore present a combination of the method of asymptotic uniform redistribution [16] and the crystalline tangential velocity discussed in [29] .
As far as 3D implementation of tangential redistribution is concerned, in the recent paper by Barrett, Garcke and Nürnberg [1] , they proposed and studied a new efficient numerical scheme for evolution of surfaces driven by the Laplacian of the mean curvature. It turns out that a uniform redistribution of tangential velocity vectors is implicitly built in their numerical scheme. A similar scheme with an explicit expression for the tangential redistribution has been proposed and utilized by Morigi in [20] .
The organization of the paper is as follows: In Section 2, we recall the system of PDEs for geometric equations (1.1) and (1.2). In Section 3, we will address the question how to control redistribution of grid points by using a nontrivial tangential velocity. We focus on a class of tangential velocities dependent locally on the curvature combined with known asymptotically uniform redistributions. The aim of Section 4 is to further motivate our study by constructing a curvature adjusted redistribution yielding the best possible approximation of the evolving family of planar curves as far as the minimization of the error between the length of a curve and the length and enclosed of its polygonal approximation is concerned. In Section 5, a numerical solution to the system of governing equations will be constructed by means of the so-called flowing finite volume method. In Section 6, we will present various numerical examples of applications of the curvature adjusted tangential velocity. Finally, we conclude with some key points in Section 7.
Governing equations
Without loss of generality, we will rewrite the normal velocity β(x, ν, k) as follows:
The tangential velocity α will be defined later in Section 3. Using Frenét formula ∂ 2 s x = ∂ s t = kn, the following equation for the position vector follows from (1.1) and (1.2):
where the operators ∂ s and ∂ 2 s stand for arc-length derivatives, i.e. ∂ s F = g −1 ∂ u F and
Here g = |∂ u x| denotes the local length of a curve parameterized by x.
Remark 2.1 If β is a linear or superlinear function with respect to k like e.g.
, then the function w appearing in (2.1) has no singularity at k = 0. However, in the sublinear case, a singularity occurs at k = 0. Then a regularization at k = 0 will be necessary from both theoretical (local existence and uniqueness of solutions) as well as practical (construction of a stable numerical approximation scheme) point of view. We refer the reader to [15] for further discussion of this issue. For example, if w = |k| γ−1 , γ ∈ (0, 1), one can regularize |k| −1 as follows:
Following [15] , one can derive a closed system of PDEs governing the motion of curves satisfying the geometric equation (1.1) and (1.2). These equations can be derived using the facts that
T , Frenet's formulae ∂ s t = kn, ∂ s n = −kt and the relation k = ∂ s ν. The resulting system of governing PDEs together with (2.2) reads as follows:
3)
, and periodic boundary conditions for g, k,
and the boundary condition ν(1, t) = ν(0, t) + 2π. The partial derivative ∇ x β is defined as
and x 0 are required to satisfy the following compatibility conditions:
In our simple and fast numerical approximation scheme proposed in Section 5 we will discretize (2.2) and the tangential velocity equation (3.3) with the constraint (3.4) only. With regard to [15] , in the case where a more accurate numerical scheme and results are required, it is recommended to discretize the full system of evolutionary PDEs (2.2), (2.3), (2.4) and (2.5) for all remaining geometric quantities g, k, and ν. On the other hand, as far as the time complexity of computation and simplicity of a numerical approximation scheme are concerned, discretization of (2.2) together with (3.3), (3.4), yields satisfactory numerical results.
However, as w may depend on k and ν, the proof of existence and uniqueness of a smooth solution to the system of equations (2.2), (3.3), (3.4) does not seem to be a straightforward issue.
Recall that in the case where α is given by the expression (3.3) with ϕ ≡ 1 and ω = 0, the short time existence and uniqueness of smooth solutions to the system of PDEs (2.2), (2.3), (2.4) and (2.5) has been shown in [15] . In the forthcoming paper [25] the authors proved local existence and uniqueness of a classical solution to the full system of governing equations (2.2)-(2.5) and (3.3), (3.4).
A curvature adjusted tangential redistribution of grid points
A key tool for construction of a suitable tangential redistribution functional α is the so-called relative local length quantity (cf. [15] ). It is defined by the following ratio r:
where L t is the total length of Γ t :
and T > 0 is the maximal time of existence of a solution.
The role of r can be explained as follows: suppose that N grid points {x(u i , t)} N i=1 are distributed on the curve Γ t for u i = i/N, i = 1, 2, · · · , N. Since the arc-length s is given
for each i. Hence, if r(u, t) ≡ 1 holds for all u at a time t, then all grid points are distributed uniformly in the sense that s(
Furthermore, if the evolving family of curves fulfills the limit r(u, t) → 1 for all u as t → T then redistribution of grid points become asymptotically uniform as t → T (cf. [16, 17] ). It has been documented by many practical examples (see e.g. [16, 17] ) that (asymptotically) uniform redistribution can significantly stabilize and speed up numerical computation. We recall that the tangential motion has no influence on the shape of evolved closed planar curves. A natural question arises:
Question 3.1 How to design the relative local length ratio r and, subsequently, α such that redistribution takes into account the shape of the limiting curve. In other words, how to densely (sparsely) redistribute grid points on those parts of a curve where the modulus of the curvature is large (small).
The modulus |k| of curvature will be measured by the following shape function:
As an example of a shape function one can consider
In numerical computations contained in this paper, a linear combination of these functions will be often used (see Example 3.7).
In order to answer Question 3.1, we introduce a generalized relative local length adopted to the shape function ϕ as follows:
Here the bracket function F denotes the average of function F(u, t) along the curve Γ t :
Next we explain the role of the generalized ratio r ϕ . Suppose, for a moment, that r ϕ (u, t) ≡ 1 for all u at a time t. Then s(
Using this property we are in a position to construct the desired curvature adjusted tangential redistribution which takes account of deviations of the shape function ϕ(k) from its average value ϕ(k) . Indeed, suppose that we are able to construct a tangential velocity α in such a way that r ϕ (u, t) → 1, i.e.,
holds for all u ∈ [0, 1] as t → T . For t close to T , we can conclude if |k| is above/below the average in the sense that ϕ(k) ≷ ϕ(k) , then g ≶ L t holds, respectively. Distribution of grid points on corresponding subarcs is dense/sparse, respectively.
If one constructs α in such a way that θ(u, t) ≡ θ(u, 0) for all u and t then relative local length r is preserved. On the other hand, if one takes α such that θ(u, t) → 0 (i.e., r → 1) for all u as t → T then redistribution becomes asymptotically uniform. See Example 3.5.
The previous equation can be rewritten as an ODE:
Remark 3.4 Forθ = ln r ϕ one can obtain another convergence such asθ(u, t) =θ(u, 0)e
then we have the equivalent ODE ∂ tθ (u, t)+ω(t)θ(u, t) = 0. The convergence rate ofθ(u, t) is the same as that of θ(u, t).
With regard to [16, 17] one can choose the relaxation function ω(t) as follows:
where κ 1 ≥ 0 and κ 2 ≥ 0 are nonnegative constants. Here we have employed the total length equation: ∂ t L t + Γ t kβ ds = 0 (cf. [15] ). If we formally set κ 1 = κ 2 = 0, then the function θ is constant in time t. On the other hand, if the maximal existence time is infinite T = ∞, we can choose κ 1 > 0 and κ 2 = 0. If T < ∞ and L t → 0 as t → T , we can choose κ 2 > 0. In both cases we have
The equation for the tangential velocity α can be derived as follows. Differentiating θ = ln r ϕ = ln g + ln ϕ − ln 1 0 ϕg du with respect to t, using (2.3), (2.4) and the relation
2) holds if and only if the tangential velocity α satisfies the following equation:
where
, we obtain F = 0. Thus the equation ∂ s (ϕ(k)α) = F has at least one solution α. In order to construct a unique solution α, we assume the following renormalization condition for α:
Example 3.5 (uniform redistribution) In the case where ϕ(k) ≡ 1, the tangential velocity equation becomes
If we set ω ≡ 0, then a solution α preserves the relative local length r (see [15] ). Under the assumption ω ≡ 0 with suitable κ 1 , κ 2 , redistribution of grid points becomes asymptotically uniform [16, 17, 18] .
Example 3.6 (crystalline tangential velocity) Suppose that the evolving curve Γ t is convex. If we consider the shape function ϕ(k) = |k| and ω(t) ≡ 0, then, with regard to (3.3) we have ∂ s (kα) = −∂ 2 s β. Taking into account renormalization constraint ϕ(k)α = 0 we end up with α = −∂ s β/k. This is exactly the same tangential velocity as it was derived by the second author in the continuous limit of the crystalline curvature flow (see [29] ). If the evolving curve Γ t has negative curvature on those parts, the shape function ϕ(k) = |k| is regularized such as, for instance, ϕ(k) = √ 1 − ε + εk 2 with ε ∈ (0, 1). Example 3.7 (their linear combination) In our numerical computations in Section 6, we will use the following smoothed shape function ϕ:
It is a linear combination of shape functions in Examples 3.5 and 3.6. Notice that ϕ(k) → 1 if ε → 0, ϕ(k) → |k| if ε → 1, and ϕ(k) ≥ ϕ(0) > 0 for ε ∈ (0, 1).
In Figure 3 .1 we plot an example of distribution of grid points along the ellipse. Let x(l) = (a cos(2πl), b sin(2πl))
T be the ellipse with axes ratio a = 3 : b = 1, where
to be solved. We have used the relation k(u) = k(l(u)). Applying the Runge-Kutta ODE solver we calculated results depicted in 
Optimal redistribution of points for stationary curves in the plane
The aim of this section is to further motivate the study of curvature adjusted tangential redistribution. In what follows, we will address the question on what is the optimal redistribution of vertices {x 1 , x 2 , · · · , x N } belonging to a given smooth closed curve Γ such that the discrepancy between the length/the area of Γ and that of a polygon spanned by vertices {x 1 , x 2 , · · · , x N } is minimal. Clearly, in the case Γ being a circle, the optimal redistribution is represented by a regular N-polygon. However, it should be obvious that, e.g. for an oval, the optimal redistribution has to take curvature of the curve into account. Interestingly enough, we will prove that the length/the area discrepancy minimizing redistribution X = {x 1 , x 2 , · · · , x N }, for N → ∞, is closely related to the curvature adjusted redistribution discussed in previous section with the shape functions
for the length discrepancy,
for the area discrepancy.
Suppose that a given smooth closed curve Γ is parameterized by a smooth function x :
Denote by X = {x 1 , x 2 , · · · , x N } the set of grid points of Γ such that
The length discrepancy. Let L = Γ ds be the length of Γ and
be the length of a polygon with vertices {x 1 , x 2 , · · · , x N }. Here we have identified x N +i = x i since Γ is assumed to be a closed curve. Clearly, L(X) ≤ L. Our goal is to find conditions under which the parameterization x(·) yields the minimizer X = {x 1 ,
we obtain the following expression for the derivative of L with respect to x i in the direction
Recall that the above minimization problem (4.1) is subject to the constraint x i ∈ Γ for each i = 1, 2, · · · , N. Therefore, the first order necessary condition for the constrained minimizer X of (4.1) reads as follows:
where the symbol y ∼ t i means that the vector y is collinear with the unit tangent vector t i to Γ at the point x i ∈ Γ. Hence, the necessary condition for a set X = {x 1 , · · · , x N } ∈ R 2×N of points belonging to Γ to be a minimizer of the functional X → L − L(X) can be rewritten as:
A graphical description of the necessary condition is depicted in Figure 4 .1 (a). Next we will express the necessary condition (4.2) in terms of the parameterization x(·) of the curve Γ. The Taylor expansion of x(·) at x i = x(ih) yields
x at u i = ih can be decomposed as follows:
where n i and t i are, respectively, the unit inward normal and tangent vector to the curve Γ at a point x i ∈ Γ. Then a 1 = g, b 1 = 0 where g = g i = |∂ u x(u i )| is the local length at the point x i ∈ Γ. Furthermore, using the Frenét formulae g −1 ∂ u t = ∂ s t = kn and g −1 ∂ u n = ∂ s n = −kt, we obtain the recurrent relations
for j ≥ 1 where k = k i is the curvature of Γ at x i ∈ Γ. Let us define Φ(h) and Ψ(h) as the following auxiliary functions
Using these functions, the forward and backward difference at x i can be expressed as
Then the necessary condition (4.2) can be rewritten as:
where h = 1/N. The function F is defined by
Due to the symmetry F (−h) = −F (h) we have
because of the fact that b 1 = 0 and so Ψ(0) = 0. The leading order term of Taylor's expansion of F (h) is therefore given as:
we finally obtain
Since F (h) ≡ 0 we finally deduce the condition
which has to be satisfied by the minimizer X in the limit h → 0 + , i.e. for N → ∞. Now calculating the corresponding terms a 1 , a 2 , b 2 and b 3 from the recurrent relations (4.3) we obtain 
which is clearly equivalent to the statement: |k|g 3/2 = constant, i.e. 
In other words, such a curvature adjusted tangential velocity yields (in the limit of number of grid points tending to infinity) the best possible approximation of the evolving family of planar curves as far as the minimization of the error between the length of a curve and the length of its polygonal approximation is concerned. Figure 3 .1 (e) displays an example of the length discrepancy minimizing redistribution for the case when
The values of length defect ∆ L := 1 − L(X)/L for several X's corresponding the cases in Figure 3 .1 and the length optimal case are calculated as in Table 4 .1.
The area discrepancy. Similarly as in the case of the length functional we can ask the question what is an asymptotically optimal redistribution of points on a given curve Γ such that the discrepancy in areas enclosed by the curve Γ and its polygonal approximation is minimal.
The area A enclosed by the curve Γ is given by A = det(x, ∂ s x) ds. The area enclosed by the closed polygonal curve with vertices X = {x 1 , x 2 , · · · , x N } is given by
,
The first order necessary condition for a set X = {x 1 , x 2 , · · · , x N } of vertices to be a minimizer of the area discrepancy functional
where the vertices are constrained to belong to the curve Γ reads as follows:
We have
for any direction y ∈ R 2 . Hence, the necessary condition for a set X = {x 1 , · · · , x N } ∈ R 2×N of points belonging to Γ to be a minimizer of the functional X → (A − A(X)) 2 can be rewritten as:
A graphical description of the necessary condition is depicted in Figure 4.1 (b) . Now, calculating the difference t i by means of the Taylor series and using the facts: det(t i , n i ) = 1 and det(t i , t i ) = 0 we obtain that condition (4.5) can be restated as:
as h → 0 + . Therefore, in the limit h = 1/N → 0, we conclude that b 3 = 0. Since
, we obtain g 3 |k| = constant on Γ, i.e. X's corresponding the cases in Figure 3 .1 and the area optimal case are calculated as in Table 4 .1.
Numerical approximation scheme
The purpose of this section is to construct a numerical approximation scheme for solving the governing equation (2.2) for the position vector and the tangential velocity equation We denote the length of S i by r i = |x i − x i−1 |. The i-th unit tangent vector t i can be defined as t i = (x i − x i−1 )/r i . Then the i-th unit tangent angle ν i is obtained from
T in the following way: firstly, from t 1 = (t 11 , t 21 ), we obtain ν 1 = 2π − arccos(t 11 ) if t 12 < 0; ν 1 = arccos(t 11 ) if t 12 ≥ 0. Secondly, for i = 1, 2, · · · , N we successively compute ν i+1 from ν i :
Finally, we obtain
In order to derive a discrete numerical scheme, we follow the flowing finite volume method adopted for curve evolutionary problems as it was proposed by Mikula et al. in [17, 19] . Let us introduce the "dual" volume
. We define the i-th unit tangent angle of S * i by ν * i = (ν i + ν i+1 )/2. The i-th curvature k i has the constant value on S i , which is obtained from integration of k = ∂ s ν over S i with respect to s:
Hereafter, S i F ds means
F ds for arc-length s i satisfying x i = x(s i , ·). Thus we have
The i-th curvature k * i at x i can be defined as k * i = (k i+1 + k i )/2 which has the constant value on S * i . Next we discretize equation (3.3) for the tangential velocity α:
Integrating the above equation over S i yields
, r * i = (r i + r i+1 )/2 is the length of S * i , and
is the total length of P. The averages f and ϕ are approximated as:
, we have to take account of the renormalization constraint ϕα = 0. It can be discretized as:
We define a partial sum of {ψ i } by
With this notation we obtain
Summing the above terms yields
Hence we obtain
Discretization in time.
The semidiscretized (in space) evolution equation (2.2) has the form:
for i = 1, 2, · · · , N, which follows from integration of ∂ t x = w∂ s t + α∂ s x + F n (see (2.2)) over the volume S * i . The right-hand side can be discretized as follows:
In our approach, we use the semi-implicit numerical scheme for discretization in time:
where F j i is the i-th data of an N-sided polygonal curve P j ≈ Γ(t j ) for i = 1, 2, · · · , N. In other words, the following tridiagonal matrix has to be solved in order to obtain solution in the new j + 1 time level:
subject to periodic boundary conditions
1 . We note that the tridiagonal matrix is strictly diagonally dominant provided that τ is small enough. The time step τ can be also chosen adaptively using the following expression
where λ > 0, F min = min 1≤i≤N F i , F max = max 1≤i≤N F i and |F| max = max 1≤i≤N |F i |. With this choice of τ j the solution {x
exists and it is unique.
Computational results
This section is devoted to presentation of various numerical experiments. In all figures, for the prescribed τ > 0, we plot every µ τ discrete time step using discrete points representing the evolving curve. In every 3µ τ time step, we plot a polygonal curve connecting those points, where
is the integer part of x), and T is approximation of the final time which computed as follows. Let A t and L t be the enclosed area and the total length of P j at time t = t j . In Figures 6.7, 6.8 and 6.9, T is the smallest discrete time t for which both conditions |A t /A t−τ − 1| < δ and |L t /L t−τ − 1| < δ are satisfied. In all other figures, T is the smallest discrete time t such that A t /A 0 < δ. In figure captions, we provide the number of grid points N, ε ∈ (0, 1) for ϕ(k) = 1 − ε + ε √ 1 − ε + εk 2 , κ 1 and κ 2 for the relaxation function ω(t). In all examples, the initial discretization is given by the uniform N-division of the u-range [0, 1].
Initial test curves. As an initial test examples we use a circle, an ellipse and the following initial curves x(u, 0) = (x 1 (u), x 2 (u))
T depicted in Figure 6 Classical curvature flows. According to the classical convexification theory and the asymptotic behavior derived by M. A. Grayson, M. Gage and R. S. Hamilton, in the case where the geometric equation is given by β = k, any embedded curve becomes convex in finite time [9] , and any convex curve shrinks to a single point. Its asymptotic shape is a circle [8] . See Figure 6 .2.
Affine curvature flows. Convexification also holds true in the case where the evolution law is the so-called affine scale space normal velocity β = k 1/3 (cf. [24] ). In this case, convexification was proved and the asymptotic behavior was derived by G. Sapiro and A. Tannenbaum. They showed that any embedded curve shrinks to a single point with an ellipse as the asymptotic shape [24] . See Figure 6 .3.
Experimental order of convergence (EOC).
In the case of the normal velocity β = k 1/3 , any ellipse shrinks to a point homothetically. It means that an ellipse is a self-similar solution to (1.1) (see Figure 6 .4). By using the explicit self-similar solution, the so-called experimental order of convergence (EOC) can be obtained in the following way.
When the position vector is described by x(u, t) = η(t)z(u) with η(0) = 1, and when the initial curve is an ellipse x(u, 0) = z(u) = (a cos(2πu), b sin(2πu))
T with a, b > 0, for the curvature we obtain k(u, t) = ab η(t)
In the case when
On the other hand,
Hence we obtain the rate η(t) =
(1− (ab) 2/3 , which is determined by η(T ) = 0.
Numerical errors at t = t j with the number of points N can be defined as
T is the i-th grid point. Therefore we can define the
error such as
these approximations, we may expect µ ≈ log 2 E p,q (N/2)/E p,q (N) . We therefore use the right hand side as an indicator of the numerical convergence, i.e., the EOC from the The length and the area discrepancy. An ellipse is a shrinking self-similar solution to (1.1) in the case of the normal velocity β = w(ν)k, as well as the affine curvature flows β = k 1/3 . Here the weight is
when the axes ratio of ellipse is a : b and the extinction time is T > 0. Similarly as in the previous subsection EOC, one can obtain the position vector of a shrinking ellipse by x(u, t) = η(t)z(u) with the scaling function η(t) = 1 − t/T (η(0) = 1, η(T ) = 0) and the initial ellipse x(u, 0) = z(u) = (a cos(2πu), b sin(2πu)) T . By using this exact solution,
we will calculate the numerical test of the length and the area discrepancy in the following way. Numerical discrepancy of the length and area defects at the time t = t j can be defined as
respectively. Here L t = η(t)L 0 and A t = η(t) 2 A 0 are the length and area of Γ t , and L t and A t are the length and area of P j at t = t j , respectively. Therefore we can define the L q (0, t M ) numerical discrepancy of the length and area as follows
where * = L, A and t M ≤ T . Table 6 .5 indicates ∆ L,q and ∆ A,q for q = 1, 2, ∞. Parameters are: N = 100, τ = 0.1N −2 and κ 1 = κ 2 = 100, the extinction time is T = 1, sample data are used at the time t j = T j/M with j = 0, 1, · · · , M = 200, and the axes ratio of the initial ellipse Γ 0 are a = 3 : b = 1. As for the shape functions we chose: ϕ(k) = 1 − ε + ε √ 1 − ε + εk 2 with ε = 0, 0.5, 0.9, 1, ϕ(k) = |k| 2/3 and ϕ(k) = |k| 1/3 . In Table 6 .5, we can observe that the shape function ϕ(k) = |k| attains the minimum value in each ∆ * ,q for * = L, A and q = 1, 2, ∞. Weighted curvature flows. Asymptotic behavior of solutions to the weighted curvature flow β = w(ν)k is related to self-similar shrinking solutions, which need not be unique. For details we refer to the paper by Yagisita [28] and references therein. In Figure 6 .5 we show evolving family of plane curves with β = w(ν)k.
Forced curvature flows. The theory of Grayson, Gage and Hamilton was generalized to the case of an anisotropic curvature driven flow by K. S. Chou and X. P. Zhu in [3] . They considered the case where the evolution law is given by β = w(ν)k + F (ν) with
, where σ is a given anisotropy function, σ(ν + π) = σ(ν), and F (ν + π) = −F (ν). They proved that any embedded curve becomes convex in finite time [4] , and any convex curve shrinks to a single point with the asymptotic shape being a self-similar solution to β = w(ν)k, i.e., the Wulff shape of σ [3] . In Figure 6 .6 we illustrate the convexification theory and the asymptotic behavior of evolving plane curves due to K. S. Chou and X. P. Zhu.
Loss of convexity phenomenon. In the case when the normal velocity is given by β = k + F (x, ν), an initially convex curve may loose its convexity in finite time for a special choice of the external force F . In Figure 6 .7 we present such examples with F presented by Nakamura et al. in [21] . It is worth noting that the usual crystalline curvature flow is unable to capture this convexity-breaking phenomena.
Image segmentation by using a gradient flow. Let γ(x) > 0 be an inhomogeneous energy density along the curve Γ t . If γ is differentiable, then the L 2 gradient flow of the following energy This is a fundamental idea of image segmentation, and it has developed to a sophisticated numerical scheme [17, 18] . An example of such a curve evolution converging to an edge in the given images is depicted in Figure 6 .8. Image segmentation for sharp images. If contrast of the target image is sufficiently high, a simpler scheme described in [2] can be used. We consider the geometric flow β = k + F and define the forcing term F (x) as follows:
where F max > 0 corresponds to pure black (background) and F min < 0 corresponds to pure white (the object to be segmented). Maximal and minimal values determine the final shape because in general 1/F is equivalent to the minimal radius the curve can attain. Choosing an appropriate F , we can make the final shape be rounded, or we can prevent the curve from passing through the outline. A segmentation of a given sharp image by means of a plane curve evolution is shown in Figure 6 .9.
Conclusions
In this paper, we proposed and analyzed a new class of tangential velocities by which we can control tangential motion and grid point redistribution of plane curves that evolve with the normal velocity depending on a general function of the curvature, tangential angle and the position vector. The curvature adjusted tangential velocity may not only distribute grid points uniformly along the curve but also produce a desirable concentration and/or dispersion depending on the curvature. We also demonstrated that curvature adjusted tangential redistribution yields the best possible approximation of the evolving family of planar curves as far as the minimization of the error between the length and area of a stationary curve and that of its polygonal approximation is concerned. Numerical experiments based on semi-implicit numerical flowing finite volume method confirmed capability of our new method. Table 6 .1: Table 6 .2: Table 6 .4: ε = 0.9 
